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Summary. - The d i s t r ibu t ion  of charged pions from proton-proton 

co l l i s ions  i s  combined with the  cosmic ray  f lux  and the d i s t r i -  

bution of e lectrons from v p - e  decay t o  give the  production 

spectrum of e lectrons from cosmic ray  co l l i s ions .  The proton- 
~ 

proton co l l i s ions  are described by the Landau hydrodynamical 

model. Calculations are performed for  e lectron energies be- 

tween 20 and 10 GeV. The electron production spectrum is 8 

seen to exhib i t  approximately an Ee 0 3 0 3  behavior, where Ee 
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1. - Introduction. 

Among the possible sources f o r  high energy electrons i n  

the galaxy are co l l i s ions  of cosmic r a y  protons with the 

i n t e r s t e l l a r  gas nuclei .  

ies which r e s u l t  from the decay of pions produced i n  the 

cosmic r a y  nuclear interact ions.  

The electrons appear as secondar- 

This mechanism fo r  e lectron 

production has been investigated by several  

However, most of the calculations have been 

cosmic r a y  protons of energy less  than 100 

several of the calculat ions have been based 

authors (1-5) 

concerned with 

GeV; i n  addition, 

upon simplified 

models of cosmic ray co l l i s ions .  Consequently, it w a s  f e l t  

useful  t o  calculate  the production spectrum of high energy 

secondary electrons using a more sophis t icated model of proton- 

proton co l l i s ions .  Because the Landau-Milekhin hydrodynamic 

model provides a good description of pion production a t  high 

energies  (6), it has been adopted i n  the calculat ion.  

I 

Section 2 contains the general formulation of the prob- 

l e m .  The pion production and t h e  r-p-e decay scheme are 

discussed i n  Sections 3 and 4, respectively.  

of t he  electron production spectrum i s  given i n  Section 5 ,  

and t h e  r e s u l t s  of the calculations are presented and dis-  

The derivat ion 

cussed i n  Section 6 .  



2.  - General formulation. 

When cosmic ray  protons co l l ide  with the  i n t e r s t e l l a r  

hydrogen gas., and the co l l i s ion  energy is  s u f f i c i e n t l y  above 

the threshold f o r  production of additional particles, charged 

p i  mesons are produced i n  abundance. The charged pions 

rap id ly  decay, ch ief ly  in to  mu mesons and neutrinos.  The 

muons likewise decay, i n to  electrons and neutrinos.  We cal- 

cu la te  below the d i s t r ibu t ion  of e lectrons produced via these 

processes. 

In the co l l i s ion  of a cosmic ray  proton, having energy 

E with the  i n t e r s t e l l a r  hydrogen, l e t  f (E Ed&, 
represent the d i s t r ibu t ion  of pions produced t h a t  f a l l  i n  the 

energy range E t o  E + dE . L e t  fTe(ET, Ee)dEe repre- 

sen t  the  d i s t r ibu t ion  of electrons, with energy i n  the range 

E t o  E + dEe, produced from the  decay of a pion with 

energy ET. Then the  d is t r ibu t ion  of e lectrons produced p e r  

pion from the  co l l i s ion  of a proton of energy 

P’ P V  P’ 

7r 7r 7r 

/I e e 

E i s  given by 
P 

The in tegra t ion  extends over a l l  pion energies (for a given 

cosmic r ay  energy E ) 

energy Ee. 

t h a t  could contribute an electron with 
P 

The number of pions produced per u n i t  volume and 

I 
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t i m e  by the co l l i s ions  of cosmic r ays  i n  the energy range 

E t o  E + dE with the in t e r s t e l l a r  gas w i l l  be given by 
P P P 

where j i s  the  d i f f e ren t i a l  cosmic r a y  proton flux; % i s  

the i n t e r s t e l l a r  gas density (protons/cm ) ;  u is  the inelas-  

t i c  cross sect ion for  proton-proton col l is ions,  and v is  

the ?umber of pions produced per co l l i s ion .  

3 
P 

7r 

e The number of e lectrons i n  the range Ee t o  E + dE 
t o  

e 
E produced by cosmic ray  protons in the  energy range 

E + dEp i s  given by NTdE f dE . Integration over the in-  

cident cosmic r a y  energies gives the t o t a l  number of e lectrons 

per  un i t  volume and t i m e  i n  the energy range E t o  E + dE e e e 
resu l t ing  from cosmic r a y  proton-proton col l is ions i n  space: 

P 

P P Pe e 

r 
d E .  e 

In Sections 3 and 4, respectively, the spec i f ic  forms of 

and the  electron d is t r ibu t ion  fTe 
PT 

the  pion d i s t r ibu t ion  f 

are discussed. 

3 



I c 

3. - Pion production from proton-proton co l l i s ions .  

, The Landau hydrodynamical model of high energy nucleon- 

nucleon co l l i s ions  describes the nucleons as col l iding rela- 

I t i v i s t i c  f luids ,  and the i r  subsequent decay as the expansion 
I 

l 

and decomposition of the composite nucleonic f l u i d  in to  pions, t 
I 

nucleons, kaons, etc. This model is  theore t ica l ly  plausible  

and, i n  the l i g h t  of present cosmic r a y  data, very acceptable 
i 
I 

I 

I 

for  incident protons with greater than 50 G e V  energy. This 

can be seen from a review of some predictions for  the model 

The pion mul t ip l ic i ty  is  predicted t o  follow an E l a w ;  t h i s  

i s  i n  agreement with a large portion of avai lable  data 

Experimental data on the asymmetrical angular d i s t r ibu t ion  of 

the produced pions can be reasonably f i t  by the  hydrodynamical 

model (6,11). 

the  avai lable  k ine t ic  energy i s  carr ied off by a small f rac t ion  

of the  co l l i s ion  products. 

dynamical model. 

(6 - 9) 
1 - 

P 
(10) . 

Observations indicate t h a t  a la rge  fract ion of 

This is a l so  found i n  the  hydro- 

It has been shown ( 6 )  that  the  Lan&u mode1 predicts  the 

pion energy spectrum t o  be of the form 

where 

( 5 )  L = 4 dn(E /m ) + 1.6 , 
P P  



t 

1 

[EP’? + ‘1: 
A i s  a constant equal t o  1.1867, and mT and m are the  

pion and proton rest energy, respectively ( the speed of l i g h t  

is  taken as uni ty  throughout). 

T P 

The mul t ip l i c i ty  of a l l  charged 

pions created (+ and -) is expressed by 

(7) 
1 - 

V = K E 4 .  
7r T P  

From physical considerations, the  range of energies possi- 

ble fer the pions proauced in  a proton-proton co l l i s ion  i s  re- 

s t r i c t e d .  The maximum pion energy i n  the Landau model depends 

on t h e  incident proton energy i n  t he  manner (6) 

and the  minimum pion energy is given by 

t 

5 



4. - Electron spectrum from pion decay. 

I 

The energy d is t r ibu t ion  of electrons from charged p i  

mesm decay has been developed i n  d e t a i l  elsewhere, and to  

date  calculat ions have been made for  pion energies up t o  

10'' e V  (12). Spectra are presented for  several pion energies 

i n  Fig. 1 (sol id  curves). 

e lectron can a t t a i n  fo r  a given pion energy. 

t i on  of fTe is  such tha t  [ fTedEe = 1. 

Ee max i s  the maximm energy the 

The normaliza- 

Because the electron dis t r ibut ion follows an e s sen t i a l ly  

t r iangular  form, it is  convenient fo r  high energy electrons 

t o  approximate the d is t r ibu t ion  by a l inear  function of Ee, 

f = a - b E e ,  re 

where both a and b w i l l  depend on the pion energy. The 

t r iangular  approximation chosen is  defined by the conditions 

t h a t  i) the  d is t r ibu t ion  function vanishes a t  Ee = Ee , 
and i i )  t he  normalization of fTe t o  uni ty  i s  retained. The 

ILBX 

approximate 

1 
(10) 

electron dis t r ibut ion may then be wr i t ten  

The dashed l ines  i n  Fig. 1 represent fTe as given by eq. (10). 

6 



(12) The maxinaum electron energy is  given by 

where PT represents the pion momentum, and 

(12) w = +(r + l / r )  , v = +(r - l / r )  , 
1 
I 

I 

r = m / m  . 
B ?  (13) 

For large pion energies, E max = E,. The electron d i s -  e 

tribution function therefore becomes 

7 



5. - Electron production spectrum. 

In the construction of the electron production spectrum 

the usual power l a w  form is  assumed fo r  the d i f f e r e n t i a l  cosmic 

ray proton intensi ty ,  j (Ep)  = K E q(cm-2 sr-' G e V - l  sec ) .  

A t  high energies the cross section fo r  pion production 

e s sen t i a l ly  energy independent. 

sions in to  eq. (3) ,  together with the pion spectrum of eq. (4) ,  

the  electron spectrum of eq. (14), and the pion mul t ip l ic i ty  

of eq. (7), yields  for  the dis t r ibut ion of e lectrons from 

-1 - 
P P  

a is  

Substi tution of these expres- 
P 

cosmic ray  co l l i s ions  

I E 
, pr2 

E 
P J  

E 
p *J2 

To complete the integrations of eq. (15), the  regions of 

permitted Ea and E values must be determined. Energy 

momentum conservation r e s t r i c t s  the pions tha t  produce elec- 
P 

L H t rons  of energy Ee , t o  an energy range ET (E,) < En - < En (E,) . - 
Similarly,  i n  the  proton-proton co l l i s ions ,  there  are l i m i t a -  

A < E < E 7 t h a t  
(EP - P -  P 

t i ons  on t he  energies of the protons 

can g ive  rise t o  pions within t he  abwe pion energy range. 

8 



I 

It is possible t o  deduce expressions fo r  the l imit ing 

energies of pions capable of yielding an electron of energy 

E f romthe  behavior of Ee 

where Ee 

t h a t  an electron can acquire from a pion of energy 

min and Ee with pion energy, max 
e 

min are the maximum and minimum energy 

The 

e and E max 

E 7T . 
maximum energy an electron can acquire from a pion of energy 

(12) E w a s  given i n  eq. (11). The minimum energy is given by 
7r 

\ IUaX Because Ee increases monotonically with the energy 

of the  parent pion, t h e  lowest energy pion contributing t o  ET 
an electron of energy Ee i s  the pion whose Ee value 

equals Ee. The lowest contributing pion energy i s  found, by 

invert ing eq. (ll), t o  be 

In  a similar manner, the  highest energy pion t h a t  can decay 

i n t o  an electron of energy Ee 
for Ee min t o  be 

is found from the expression 

9 



I .  

For the high energy electrons under consideration, these 

expressions reduce t o  

The continuous band of pion energies r e su l t i ng  from a 

-1 was given as a proton-proton co l l i s ion  (eT - < ET - < eT min 

function of the incident proton energy i n  eqs. (8) and (9), and 

is pictured i n  Figs. 2 and 3. However, eq. (19) shows tha t  

L H only pions of cei‘tain energies (En - < En - < ET ) could pro- 

duce an electron of a given energy E . The cut  off energies, 

E (E ) and ET (E,), f o r  an electron of energy E are n e  e 

superimyosed i n  Figs. 2 and 3. This l imitat ion on pion 

energy imposes, i n  turn,  a corresponding r e s t r i c t i o n  on the 

energies permitted the protons tha t  produce the  pions. 

e 
L H 

The pion energy l i m i t s  required t o  complete the f i r s t  inte-  

P gra t ion  of eq. (15) suggest a division of the area of 

integrat ion in to  three regions (see Figs. 2 and 3). The 

proton energy boundaries of these regions are defined by 

ET - E 

10 



It is found t h a t  for  the high energy protons which w e  are con- 

s ider ing (Ep/mp >> 1) 

1 2 A - 11 - 3.2) , Ep Imp = lL[ e 

- E B /mp = exp {[A ' + 1j2 - 3 . 2 )  , 

E C /mp = exp J r ( A  + 4 an r)' - I]* - 3.2) .  , 

E D /mp - exp J ' (A  + 4 an r ) '+  1 j 2  - 3 . 2 )  , 

P e 

1 

P 11 e 

P 11 e 

1 

I 

2 . 1  - 2 h ( E  e /mT ,/3) *e e 

Figures 2 and 3 depict  the two possible topologies of 

< Epc and the B integrat ion,  the former corresponding t o  E 
I-' 

'. la t ter  t o  E > Ep The topologies coincide a t  an electron B 
P 

energy of 

2 1 E B C =  m 7r JT exp [&  an (r/e) - p.1, , e 

which i s  approximately 1000 GeV. 

The evaluation of eq. (15) i s  describe4 i n  Appendix A. It 

is  found there  t h a t  regions 11 and 111 make no s igni f icant  con- 

t r i b u t i o n  t o  qer and may be neglected. The pion and proton 

energy l i m i t s  i n  eq. (15) a r e  then 



I .  

I 

L 
T J l  = ET = Ee ' E 

A E = E  
P J l  P 

The f inal  expressions derived in  Appendix A for the electron 

production spectrum qe are rather lengthy and w i l l  not be 

repeated here. 



6 .  - Results and discussion. 

, The astrophysical quant i t ies  and constants used i n  the ex- 

are taken from the suggested values of GINZBURG Qe pression for  

and SYROVATSKII ( 4 ) ,  specif ical ly:  

I 

y = 2.6, KT = 2.2 (when E 
P I 

-2  -1 -1 is given i n  GeV), and K = 1 .5  (cm sr G e V - l  sec ) .  The 
P 

expression for  the electron dis t r ibut ion,  qe, was evaluated 

I on an electronic  computer ( I B M  7094) fo r  an electron energy 
8 

I range of 20 t o  10 GeV.  The re su l t s  are shown in  Fig. 4.  

It is  seen tha t  the form of the production spectrum resembles 

a power law 
t 

I (30) 

where z(Ee) is  a s lowly  varying function of the electron energy; 

t o  lowest  order, z - 3.3 and Ae - 0.28 (cm-2 sr-' G e V - l  sec ) . -1 

The spectrum of GINZBURG and SYROVATSKII (4 ) ,  which follows 

a similar power l a w  but with an exponent of 2.8, is  p l o t t e d  

fo r  comparison i n  Fig. 4. Both d is t r ibu t ions  are normalized t o  

u n i t  r y p  . 
Ginzburg-Syrovatskii curve a t  high electron energies.  

later GINZBURG-SYROVATSKII paper ( 5 ) ,  however, an asymptotic 

The present resu l t s  are seen t o  diverge from the 

In a 

-2.64 E 

grea te r  

l imited 

e 
\ 

* '*' 

than about 1 GeV, although there  the  calculat ions are 

t o  energies less than 5 GeV. 

dependence is found for  e lectrons a t  energies 

13 



Although our in t e re s t  i n  t h i s  paper is  the e f f e c t  on the 

electron production of using a more detai led model of proton- ’ 

proton col l is ions,  an estimate can also be made of the equi- 

librium density of secondary electrons,  which allows for  the 

various loss mechanisms for  the electrons, e.g. ,  magnetic 

bremsstrahlung and inverse Compton scat ter ing.  

authors (1-4, 13) have proposed models f o r  the equilibrium elec-  

t ron density calculat ion.  

Several 
I 

For high energy electrons i n  space, 

estimates of the energy losses by the various possible  mechan- 
I 

I i s m s  indicate  tha t  magnetic bremsstrahlung i s  the predominant 

I diss ipa t ive  process (13,14). If w e  incorporate our source 

I alone, w e  f ind  tha t  the  equilibrium electron density Ne(Ee) 

i function in to  a model which considers magnetic bremsstrahlung 
I 

I 
r (3,131 i n  a ga l ac t i c  magnetic f i e l d  B w i l l  be 

(31) 

where 

5 A-n e H P  u 
a - 2.64 x 10 . e 

If z is chosen as 3.3, the resul tant  high energy electron 

dens i ty  i s  within the range of current astrophysical predictions.  

14 
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APPENDIX A 

I Below we consider the explicit evaluation of the electron 

I production spectrum represented by eq. (15; It is convenient 
I 
l 
I 

to rewrite this expression for q in the form e 

where 

E r P J  

E J 

P d  

E 
p as2 

E J 

7,1 

and 8 = 1, 2. 

The successive transformations 
I 

and 

(A 4) 

convert f ('1 to e 

'E 
p pa2 

22 



where @ represents the e r r o r  function 

Numerical evaluation of the behavior of the integrand of 

f ('I 

t i on  of proton energy for  t h e  electron energies under considera- 

t ion.  The contributions from regions I1 and 111 t o  the in tegra l  

f ('I were found t o  be down by  many orders of magnitude from 

tha t  of region I, permitting region I t o  be taken, with no 

e r r o r  i n  precision, as the sole  region of integrat ion.  

i n  eq. (A.5) shows t h a t  it i s  a rapidly decreasing func- e 

e 

The l i m i t s  on the pion energies i n  eq. (A.5) immediately 

follow from eq. (28) and are seen t o  be 

1 
= S(&L)Z + 1 t2 

and 

where 

(A 9) 

- (a - l ) (&L)*  + A /(&L)' e 

In order t o  put eq. (A.5) i n to  a homogeneous form, w e  

recall the def in i t ion  of L and introduce the var iable  

(A . 10) 1 
u = (*L)T 

23 



With the definitions I *  
(A. 11) 9 

2 , 4 + P 2  2 c = 4q - 5 + 28 - 
5'4-q(mr Jx)-B exp ( 0 . 8 ~  2 ) , K (a) = 2m 

e P (A 12) 

then fe  ('I i n  eq. (A.5) may be written 

(A. 13) 
I 

in  which the 1's are the integrals 

2 i' du eocu Q(f3u + 1) , 
J 

I 

(A. 14) 

u1 

n u2 

(A. 15) 
I !  

du ue 2 [  Q ~ ( f 3  - 1)u -1. A e /u] . 

The new integration l i m i t s  are seen from eqs. (22) (24) (29) , 
and (A.10) t o  be 

1 1 

u1 = *[Ae' - 1 J .- 
(A . 16) 

Remembering that 

24 



w e  can solve both of these integrals  with the a i d  of integra- 

t i on  by parts.  The f i r s t  yields d i r ec t ly  

U. 

1 

u2 

Integrat ion by p a r t s  of 12(@) gives 

(A . 18) 

(UU + !) 
u2 

. 
1 U 

i n  which 

2 I 2 l 
(A . 20) B ' = B - 1  s a = c + p  . 
In tegra ls  of the  form appearing i n  eq. (A.19) are evaluated i n  

Appendix B. From the r e s u l t s  given there  T(ul, u2) may be 

wr i t t en  as 

25 



(A. 21) 

-2n a' 
+ e  

U. 
l. 

Combining eqs. (A.17), (A.18), and (A.21) with eq. (A.13) 

provides a complete expression for the electron production 

spectrum of eq. (A.1). 



APPENDIX B 

An integral of the form 

b 

I = 1 exp[-(cx)z - (32] 
a 

appears in the evaluation of the electron production spectrum 

of eq. (A.19). The substitution x = l / y  recasts I as 

(B.2j 

It will be seen that an integral of the form of eq. ( B . 2 )  also 

appears in eq. (A.19). 

With the transformation z = c/y + ky, I may be re- 

written 

+ 

I 

, -  I -  

2 C dz exp(- z +2ck)-i (B.3)  I = 
Y . .  + " l/a 

where 

(B *4) + = cb + k/b , 'b a z + = ca + k/a 



Similarly, l e t t i n g  z = c /y  - ky g ives  

where 

- - 
= cb - k/b , z - ca - k/a . (B.6)  'b a 

\ 

Adding eqs.  (B .3) and (B .  5),  and reca l l ing  the def in i t ion  

of the error function @, w e  obtain 


